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We calculate the pion-pion elastic scattering phase shifts for pion masses from the chiral limit to values
of interest for lattice studies. At low energies, we use the standard Chiral Perturbation Theory expressions
to one and two loops. In addition, we study the phase shifts’ mass dependence in the resonance region by
means of dispersion theory in the form of unitarized Chiral Perturbation Theory and the inverse amplitude
method. We pay particular attention to the case when resonances are close to threshold, illustrating the
different behavior between scalar and vector resonances. We also provide the estimation of uncertainties,
which are dominated by those of the Oðp6Þ chiral parameters.
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I. INTRODUCTION
Elastic pion-pion scattering has been an object of study
for many decades due to several reasons. In particular,
pions are very relevant in the description of final states in
other hadronic processes. Also, the two-pion correlated
exchange in the scalar-isoscalar channel is the main con-
tribution to nucleon-nucleon attraction, and has been in-
terpreted for long as a scalar ‘‘sigma’’ resonance [1] whose
existence, mass, and width have been the subject of an
intense debate. Actually, this resonance, nowadays called
f0ð600Þ, appears as a pole deep in the second Riemann
sheet of the scattering amplitude (see the ‘‘Note on scalar
mesons’’ in [2] for a detailed account). Finally, the pion-
pion interaction at low energies is also relevant for the
determination of light quark mass ratios and the size of the
chiral condensate [3].
On the theory side, unfortunately, neither the elastic
resonance region nor the low-energy region are accessible
to perturbative QCD calculations. In order to describe
these processes in terms of quarks and gluons, one should
rely on lattice techniques. For a long time, these techniques
have found little applications in this low-energy realm due
to complications on the implementation of chiral symme-
try, the small physical values of the light quarks and other
technicalities as the existence of quarkline disconnected
diagrams in some channels. However, very recently, lattice
results have become available for the ð770Þ and f0ð600Þ
resonance masses [4–8], the pion decay constant, or even
the isospin 2 scattering length [9,10], obtained with pion
masses which are not too far from the physical values.
Recent developments [11] in algorithms may make dis-
connected diagrams for multihadron calculations tractable
in the not too distant future. This means that pion-pion
scattering phase-shifts might be calculable soon within
lattice-QCD. Actually, some first results for the isospin 2
waves have been obtained for still somewhat large pion
masses [12,13]. Of course, lattice calculations still have
systematic uncertainties which are hard to estimate and
they always rely on modified actions, finite volumes, and
other complications so that their physical results are ac-
tually extrapolations to the physical limit. It is, therefore,
necessary to understand how these chiral or physical ex-
trapolations should be carried out.
Fortunately, even though we cannot rely on perturbative
QCD at low energies, we can still use its effective low-
energy theory, known as Chiral Perturbation Theory
(ChPT) [14], which provides a rigorous, systematic and
model independent expansion of hadronic observables in
terms of the external meson momenta and the relatively
small pion mass. We will very briefly review ChPT in
Sec. II, mostly to introduce the required notation.
Within ChPT, the quark mass dependence appears in a
model independent way through the pion mass squared,
which is also described as an expansion. Remarkably, the
isospin I ¼ 2 scattering length m dependence found on
the lattice is rather well described by just leading order
ChPT up to surprisingly large pion masses [9,10], and the
one-loop corrections seem to be rather small. In this work
wewill first study the evolution of the lowest five pion-pion
scattering phase-shifts, with definite isospin and angular
momentum I; JÞ ¼ ð0; 0Þð Þ, (1,1), (2,0), (0, 2), and (2, 2),
using the one and two-loop standard ChPT expressions,
estimating the uncertainties due to the relatively poor
knowledge of the low-energy constants—particularly those
at two loops. Of course, this approach is limited to low
masses and momenta and cannot be used to describe
resonances, although, in principle it should be able to
describe their low-energy tails, through, for instance, the
low-energy scattering phase-shifts. This is the reason why
one of the aims of this work is to study the evolution of all
 scattering phase-shifts at low-energy within standard
ChPT.
Beyond the low-energy regime, it is still possible to
obtain the quark mass dependence of hadronic observables,
by combining ChPT with dispersion relations. Thus,
in Sec. V, we briefly review the inverse amplitude
method (IAM) [15–17], obtained by using the elastic
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approximation together with ChPT, to calculate the sub-
traction constants and the left cut contribution of a disper-
sion relation for the inverse of the partial waves. This
technique provides a description of meson-meson scatter-
ingwhich is simultaneously compatiblewith the ChPT low-
energy description but also generates the lightest elastic
resonance on each channel. By applying this technique to
the  scattering amplitude to one-loop in SU(2) ChPT,
some of us have calculated the pionmass dependence of the
ð770Þ and f0ð600Þ masses and widths [18]. Interestingly,
this method had already been applied to study only the
f0ð600Þ quark mass dependence and its influence, through
the nucleon-nucleon interaction, on the production of car-
bon and oxygen and its anthropic implications [19].
Recently [20], some of us have also calculated the ð800Þ
andKð892Þmass andwidth dependencewith respect to the
non strange-quark mass, as well as the dependence of all
these four resonances with respect to the strange-quark
mass. And even more recently [21], we have extended to
two loops the analysis of theð770Þ and f0ð600Þ resonances
within unitarized elastic  scattering.
The IAM results for the m dependence of the ð770Þ
agree nicely with the estimations for the two first coeffi-
cients of its chiral expansion [22], and also with the exist-
ing lattice results [4–8]. The comparison with lattice is
relatively straightforward in this case since the ð770Þ is
not extremely wide and it is actually calculated as a state of
the spectrum.
Unfortunately, the comparison of the IAM with lattice
results will not be so straightforward for the scalar chan-
nels. First, we find of particular interest the repulsive I ¼ 2
channels. Note that these channels have no resonances, so
that neither the spectroscopic studies on the lattice nor our
pole studies with the IAM [18,20,21] address this case.
However, this is the simplest channel for scattering lattice
studies and, as commented above, there are already some
lattice results for the scattering length down to relatively
low pion masses [9,10] and for phase-shifts but only for
m ’ 400 MeV or higher [12,13].
Second, we are also interested in the much debated
isoscalar channel. Of course, given the status of the  or
f0ð600Þ, reliable lattice results would be most welcome.
Unfortunately, lattice calculations in this channel are hard
due to disconnected diagrams, but also their interpretation
would be complicated because this resonance is extremely
wide (see [2] and references therein). In addition, it was
shown in [18,20] that, for sufficiently high masses, the
f0ð600Þ, being a scalar, becomes a virtual state—a pole
in the second Riemann sheet below threshold—which is
not a physical state of the spectrum. Therefore, since
spectroscopic (or ‘‘pole’’) lattice studies of the  may be
rather complicated, a study of the scalar phase shift, as the
one presented here, deserves more interest.
These are the motivations to study the chiral extrapola-
tion of phase shifts either from standard or unitarized
ChPT. This will be done first for standard ChPT to next
to leading order (NLO) in Sec. III A, and then to next to
next to leading order (NNLO) in Sec. III B. Surprisingly, in
both cases, the predicted behavior for the phase shift in the
ð770Þ may look counterintuitive when compared with
present lattice calculations of the ð770Þ mass m depen-
dence. This discussion deserves a separate section, in
which we also evaluate the pion mass dependence of the
‘‘size’’ of the ð770Þ. Next, we will present the IAM results
for NLO ChPT in Sec. VIA and for NNLO in Sec. VI B.
We will discuss and summarize all our findings in
Sec. VIII.
II. CHIRAL PERTURBATION THEORY
Pions are the Goldstone bosons associated to the sponta-
neous chiral symmetry breaking of QCD. If quarks were
strictlymassless, pionswould bemassless too and separated
by a gap of the order of 1 GeV from the rest of hadrons,
becoming the relevant QCD low-energy degrees of free-
dom. Chiral Perturbation Theory (ChPT) [14] is nothing but
the most general Lagrangian built out as an expansion in
pion momenta (i.e., derivatives) respecting the QCD sym-
metries. In real life, though, the u and d quarks have a very
small mass, that we will take in the isospin limit as m^ ¼
ðmu þmdÞ=2, which can be treated as a perturbation within
ChPT. As a consequence, pions have a physical mass of
m ¼ 139:57 MeV, whose model independent perturba-
tive expansion in terms of m^ is given by ChPT. In summary,
theQCD low-energy theorywewill use is SU(2)ChPT [14],
which corresponds to considering the u and d quarks only
and integrating out the other four quarks, whose effect will
be included in the low-energy constants (LECs) that multi-
ply each term of the ChPT Lagrangian. In this way, only
pions will circulate in the loops. Hence, by varying the pion
mass while keeping the ChPT low-energy constants fixed,
we are sensitive to the light quark mass dependence for
constant s, c, b and t masses.
Perturbative  scattering within ChPT
Pion-pion elastic scattering is customarily described in
terms of partial wave amplitudes tðIÞJ ðsÞ of definite isospin I
and angular momentum J, where s is the Mandelstam
variable, although for simplicity we will drop these indices
when there is no possible confusion. From ChPT,
these partial waves are obtained as a series expansion
t ¼ t2 þ t4 þ t6    , with tk ¼ Oðp=4fÞk, where p
stands generically for center of mass momenta or pion
masses. The leading order (LO) t2 isOðp2Þ and is universal
[23] in the sense that it only depends on the scale
f ’ 92:4 MeV and m. The NLO calculation yields t4
[14] and is obtained from one-loop diagrams with LO
vertices and tree diagrams from the NLO Lagrangian
terms, which are multiplied by some low-energy constants
(LECs), called lri ðÞ. These LECs absorb the dependence
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on the loop regularization scale , and are determined by
the underlying QCD dynamics. Their measured values can
be found in Table I. Something similar happens with the
NNLO result t6 [27], which has two-loop contributions
with LO vertices, one-loop contributions with one LO
vertex and one NLO vertex containing some li, plus tree
level diagrams with NNLO vertices, whose LECs appear
only in six combinations now called rri ðÞ, whose esti-
mated values are listed also in Table I. All these LECs carry
a scale dependence that cancels that from loop integrals, so
that observables are scale independent and finite order by
order.
Let us remark that we write the  scattering amplitude
in terms of the physical constants m and f, which are
obtained as expansions in powers of the LO pion mass.
Actually, l3 and l4 appear at NLO in  scattering through
these m and f expansions, but in contributions that
depend stronger on the pion mass and softer on the energy
than those containing the other LECs. Thus, l3 and l4 are
harder to determine experimentally and have the largest
uncertainty. This is particularly severe for l3, and that is
why we have used its lattice determination [25] quoted in
Table I.
At NNLO, the expansion of f on the physical
pion mass [28] requires an additional parameter rf, also
listed in Table I. Note that there is an additional Oðp6Þ
constant, rM, which appears in the NNLO chiral expansion
of the physical pion mass m in powers of the quark mass
m^, but such a constant would only be needed in order to
study the quark mass dependence of observables. However,
quark masses carry some renormalization scale and
scheme dependence and most lattice results provide their
results in terms of the physical pion mass. That is why here
we will study the dependence of scattering phases on the
physical pion mass and not on the quark mass. Therefore,
we do not need rM.
We show in Table I the estimated statistical uncertainties
of the LECs (for r5, r6 they are described as the noise in the
dispersive calculation of [24]). Systematic uncertainties
are large and harder to estimate; for illustration, we also
provide in Table II other values found in the literature at
Oðp4Þ and Oðp6Þ. We consider the spread on these values
as a crude indication of the size of systematic uncertainties.
From the sets in [30] we note that, even for the same
analysis, the values of the Oðp4Þ LECs can be somewhat
different whether they are obtained from a pure Oðp4Þ
calculation or including the Oðp6Þ corrections. Hence, it
should not come as a surprise later that the Oðp6Þ values
obtained from a unitarized fit, which includes part of the
higher order corrections, may also come out somewhat
different from the values obtained in a pure ChPT Oðp6Þ
analysis.
As a final comment concerning ChPT parameters, it is
possible and usual to write the NNLO  scattering
amplitude in terms of just six parameters b1; . . . ; b6, multi-
plying each one of the energy dependent polynomials
allowed by Lorentz invariance and chiral symmetry.
Thus, the knowledge of 6 constants is enough to describe
 scattering to that order. However, these bi parameters
do carry a dependence on m and the full knowledge of all
the li and ri constants is needed to extrapolate to unphys-
ical values of m, which is the object of this work, and the
reason why we need to determine 11 parameters instead of
just six.
TABLE I. ChPT low-energy constants from [24] that contrib-
ute to  scattering to Oðp4Þ and Oðp6Þ that we use in our
standard ChPT calculations. The value for lr3 () comes from a
recent analysis of the lattice results [25]. The renormalization
scale is set to  ¼ 770 MeV. Errors are only statistical or ‘‘only
account for the noise seen in the calculations’’ of [24]. The first
four ri and their uncertainties are obtained from resonance
saturation. The rrfðÞ value is from [26].
Oðp4Þ LECs (103) Oðp6Þ LECs (104)
lr1 () 3:98 0:62 rr1 () 0:60 0:35
lr2 () 1:89 0:23 rr2 () 1:28 0:74
lr3 () 0:18 1:11 rr3 () 1:68 0:97
lr4 () 6:17 1:39 rr4 () 1:00 0:58
rr5 () 1:52 0:42
rr6 () 0:40 0:04
rrf () 0:00 1:20
TABLE II. Samples of other sets of LECs: First row: SU(3) analysis of K scattering using
Roy-Steiner equations. Second and third rows: Kl4 analysis to Oðp4Þ and Oðp6Þ, respectively.
Naively, we have combined quadratically the SU(3) LECs errors there. Fourth row: Roy
equations analysis. Uncertainties from imaginary parts and unknown Oðp6Þ LECs combined
quadratically. Last row, values used in [18] with the one-loop IAM. All LECs are evaluated at the
scale  ¼ 770 MeV.
Analysis 103lr1 10
3lr2 10
3lr3 10
3lr4
ChPT Oðp4Þ [29] 4:9 0:6 5:2 0:1 17 10
ChPT Oðp4Þ [30] 4:5 5.9 2.1 5.7
ChPT Oðp6Þ [30] 3:3 2:5 2:8 1:1 1:2 1:7 3:5 0:6
ChPT Oðp6Þ [31] 4:0 2:1 1:6 1:0
IAM Oðp4Þ [18] 3:7 0:2 5:0 0:4 0:8 3:8 6:2 5:7
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Now, elastic unitarity implies for partial waves, at physi-
cal values of s, that:
Im tðsÞ ¼ ðsÞjtðsÞj2 ) Im1=tðsÞ ¼ ðsÞ; (1)
where ðsÞ ¼ 2p= ffiffisp , p being the center of mass momen-
tum. As a consequence, the modulus of tðsÞ is related to its
phase:
tðsÞ ¼ jtðsÞjeiðsÞ ¼ eiðsÞ sinðsÞ=ðsÞ: (2)
This ‘‘phase-shift’’ ðsÞ, which determines completely the
amplitude, is the usual way to parametrize partial waves
that we will use next to predict the amplitude variation
when the pion mass is changed. Of course, before extrap-
olating to other pion masses, we will compare the ChPT
amplitudes, with and without unitarization, with the exist-
ing experimental data.
ChPT amplitudes, being an expansion, satisfy unitarity
only perturbatively:
Im t2¼ 0; Imt4¼jt2j2; Imt6¼ 2t2 Ret4 . . . : (3)
In particular, ChPT partial waves are expected to violate
unitarity as s increases, since they are basically polyno-
mials in s. In Sec. V, we will use ChPT inside dispersion
relations to obtain amplitudes that, while respecting the
ChPTexpansion at low energies, satisfy unitarity and allow
and provide a good description of experiment up to higher
energies.
After this brief introduction to ChPTand its notation, we
are now ready to present our first calculations.
III. RESULTS WITHIN STANDARD CHPT
Using the equations above, the phase shift within stan-
dard ChPT is obtained as a series expansion (see [32] for a
prescription on how to perform this expansion):
 ¼ ðt2 þ Ret4Þ þOðp6Þ;
 ¼ ðt2 þ Ret4 þ Ret6Þ þ 23 ðt2Þ
3 þOðp8Þ;
(4)
which are the expressions used in our one-loop and two-
loop calculations, respectively, that we detail next.
Now, let us recall that the pion—and quark—mass de-
pendence of the partial waves tðsÞ within ChPT comes
from two different sources: from kinematics, through
pion propagators, or from the dynamics encoded in the
vertices. In particular, the threshold shift is purely of a
kinematic nature and rather trivial to understand.
Therefore, although  phase shifts are customarily pre-
sented in terms of
ffiffi
s
p
, we are showing them here as a
function of the center of mass momentum p, which is also
more convenient to compare to lattice studies. With this
kinematic threshold effect ‘‘subtracted’’, the remaining
m dependence is rather mild for most partial waves.
As we will see, this soft dependence of the IJðpÞ on m
has been also found for I ¼ 2 waves in very recent lattice
calculations [12].
A. One-loop ChPT
In Fig. 1 we show the phase shifts from the one-loop
ChPT, i.e. Oðp4Þ, for the ðI; JÞ ¼ ð0; 0Þ, (2, 0), (1, 1) 
scattering waves. Note that for the (1, 1) channel, the
description fails much before p ’ 300 MeV. This momen-
tum is typically below the ð770Þ resonance region, which
is a natural applicability bound for the ChPT series. This
resonance has a relatively narrow shape, corresponding to a
pole close to the real axis in the second Riemann sheet,
which, of course, is completely missed by one-loop ChPT
except in its very low-energy tail. In contrast, one-loop
ChPT is giving a fairly good description of the (0, 0)
channel even up to, say p ¼ 350 or 400 MeV. In this
case, there is also a resonance—the scalar  (or
f0ð600Þ)— but it is very wide and its pole is deep in the
complex plane, so that it is not seen in the real axis as the
typical sharp rise in the phase. For this reason, and despite
being an expansion which has no such a pole in the com-
plex plane, ChPT results are not very different qualitatively
from the data in this channel. Finally, we see that the one-
loop description of the (2, 0) channel is also reasonably
good up to such high momentum, mostly due to the fact
that this channel has no resonances and also that the data
are not particularly precise.
The gray areas in the figure cover the uncertainties due
to the statistical error in the LECs detailed in the previous
section. In order to calculate these areas we have used a
Monte Carlo sampling. For each phase-shift calculation we
have generated 5000 different samples of LECs using a
Gaussian distribution with variances equal to the errors
quoted in Table I. To avoid a confusing overlapping be-
tween uncertainty bands, we only show the one corre-
sponding to the physical pion mass. In the appendix we
provide a detailed study of the evolution of these uncer-
tainties with m. As a general feature for both scalar and
vector waves, the relative uncertainty of the phase at a
given momentum grows slowly with m.
Once we have checked where one-loop ChPT calcula-
tions provide an acceptable description of data, we can now
compare, also in Fig. 1, with the results obtained if we
change the pion mass from its physical value tom ¼ 230,
300 and 350 MeV. The first observation is that the sign of
the phase derivative does not change when increasing the
pion mass, at least up to 350 MeV, which means that the
attractive or repulsive nature of each wave is conserved.
In that figure, we have represented with an arrow the
direction of the phase movement as m increases. Thus,
the next observation is that both scalar phase shifts increase
in absolute value as m grows, whereas the phase of the
vector channel decreases.
The behavior of the phase at low momentum in the
vector channel may seem surprising at first, because
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several lattice works [4–8], the chiral effective treatment
[22], as well as the IAM [18], predict that the ð770Þ mass
increases much slower than the 2 threshold as m grows.
But then, when the ð770Þ peak reaches a given momen-
tum, the phase there should be =2 to a very good ap-
proximation. Therefore, one would expect naively the
phase at low momentum to rise as m grows. However,
the model independent ChPT analysis tells us otherwise.
We will see in detail in Sec. IV why this intuitive picture
fails and the phase shift actually has to decrease at first and
increase later on.
Finally, in Fig. 2, we show the one-loop ChPT results for
the D waves: ðI; JÞ ¼ ð0; 2Þ and (2, 2). We show these
separately because both of them vanish at Oðp2Þ, so that
the one-loop Oðp4Þ calculation is just their LO contribu-
tion. Actually, they are both very small at low energies.
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FIG. 2. D wave  phase shifts from standard ChPT up to one
loop. Different lines stand for different pion masses m ¼
139:57, 230, 300 and 350 MeV, respectively. Since the lines
are too close to each other, we only show error bands for the
physical mass. Experimental data come from [33]. The arrows
show the direction of increasing m.
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FIG. 1. S and P wave  phase shifts from standard ChPT
up to one loop. Different lines stand for different pion masses
m ¼ 139:57, 230, 300 and 350 MeV, respectively. Since the
lines are too close to each other, we only show error bands for the
physical mass. Experimental data come from [33] (black circles)
and the precise model independent dispersive data analysis
from [34] (white circles). The arrows show the direction of
increasing m.
CHIRAL EXTRAPOLATION OF PION-PION SCATTERING . . . PHYSICAL REVIEW D 83, 094011 (2011)
094011-5
We can see in the figures that the one-loop ChPT calcu-
lation provides an acceptable solution for the (2, 2) wave
up to relatively high momentum, but obviously it cannot
reproduce the resonance shape of the f2ð1270Þ resonance
in the (0, 2) channel. As before, we only show the uncer-
tainty band due to the statistical errors on the LECs for the
physical pion mass, obtained again from a Monte Carlo
Gaussian sample. Relative uncertainties for different pion
masses are detailed in the appendix.
Note that, in contrast to the scalar waves, both tensor
phase shifts decrease in absolute value as the pion mass
increases not too far from its physical value. In this sense,
they are more similar to the vector channel behavior.
Remarkably, for larger pion masses and momentum the
(0, 2) phase shift even changes sign and the derivative
becomes negative. However, this behavior is not found at
two loops, as we will see in the next subsection.
B. Two-loop ChPT
We use the two-loop  scattering calculation in [27].
Note, however, that instead of the usual b1 . . . b6 parame-
ters, in order to implement the m dependence we need to
use the one-loop l1 . . . l4 and ri parameters in Table I.
In Fig. 3 we show the resulting phase shifts for the ðI; JÞ ¼
ð0; 0Þ, (1, 1), and (2, 0) waves for the physical m but also
for m ¼ 230, 300, and 350 MeV.
The uncertainty bands, which we show only for the
physical pion mass—see the appendix for other masses—
are once again calculated with a Monte Carlo Gaussian
sampling of 5000 sets of LECs, using as standard devia-
tions the uncertainties quoted in Table I. The only excep-
tion are the r1...4 parameters, which are estimated from
resonance saturation and, as in [24], we have assumed
that all values in the interval from 0 to twice the estimation
are equally likely. Of course, we want to emphasize that
this is just an estimate of the values of the Oðp6Þ parame-
ters, which are rather difficult to determine. Possible im-
provements in their determinations could come from future
lattice-QCD calculations, as it has already been done with
the Oðp4Þ LECs (see [25] for a review) or from the use of
recent dispesive data analysis like that in [34] inside
threshold parameter sum rules [35].
Also, since the renormalization scale  where the esti-
mates for r1...4 and rf apply is not known, another source of
uncertainty appears. Our calculations are made at  ¼
770 MeV so, in order to account for the uncertainty due
to that choice, we have followed [24] again and we have
calculated the shift occurring in the phase shift if r1...4 are
fixed and the scale is changed to  ¼ 500 MeV and  ¼
1 GeV. That shift is added in quadrature to the errors given
by the Monte Carlo sampling.
The general features of the one-loop description still
apply to the two-loop case. Namely, all waves keep their
attractive or repulsive nature, and both scalar phases in-
crease in absolute value as m grows, whereas the vector
0
20
40
60
80
100
120
mπ increase
δ00 (deg.)   O(p6)
mπ phys
mπ = 230 MeV 
mπ = 300 MeV 
mπ = 350 MeV 
-25
-20
-15
-10
-5
0
mπ increase
δ20 (deg.)   O(p6)
mπ phys
mπ = 230 MeV 
mπ = 300 MeV 
mπ = 350 MeV 
0
20
40
60
80
100
120
140
160
0 100 200 300 400 500
p (MeV)
mπ increase
δ11 (deg.)   O(p6)
mπ phys
mπ = 230 MeV 
mπ = 300 MeV 
mπ = 350 MeV 
FIG. 3. S and P wave  phase shifts from standard ChPT
up to two loops. Different lines stand for different pion masses:
continuous, long dashed, short dashed and dotted for M ¼
139:57, 230, 300 and 350 MeV, respectively. Since the lines
are too close to each other, we only show error bands for the
physical mass. Experimental data (black circles) come from [33]
and the precise model independent dispersive data analysis
from [34] (white circles). The arrows show the direction of
increasing m.
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channel phase decreases. The counterintuitive behavior of
the ð770Þ is therefore a robust prediction of ChPT. In the
next section, we will explain with a simple model why
chiral symmetry requires this behavior. Still, the descrip-
tion of the (0,0) wave is fair only up to p ¼ 300 or
350 MeV, although it has improved remarkably in the
low-energy region, where the data are most recent and
reliable, as they come from K‘4 decays. The (1, 1) phase
is now much closer to the experimental data, and thus it
seems to provide a fairly good representation up to, say
p ¼ 200 MeV. However, the description of the (2, 0) has
deteriorated for higher momenta, and seems to be good
only up to, roughly, 200 or 250 MeV.
However, despite the qualitative m dependence being
similar to the one-loop case, quantitatively the effect is
stronger. In absolute value all S-wave phase shifts grow
faster with m to two loops than they did to one loop.
In Fig. 4, we show the two-loop result for the D waves.
As commented before, these waves have noOðp2Þ term, so,
this Oðp6Þ calculation is just a next to leading order cal-
culation. We can see that the differences with the one-loop
case are dramatic. The ðI; JÞ ¼ ð0; 2Þ phase suffers a re-
markable improvement, being able to describe the tail of
the f2ð1275Þ resonance up to momentum of the order of
450 MeV. Contrary to the one-loop case, within the m
range of this study, the (0, 2) phase does not become
negative. Finally, the (2, 2) phase shift fails to describe
even the sign of the data, and is only relatively close to the
data points below 150 MeV. Furthermore, the one-loopm
phase-shift dependence was opposite to the two-loop case:
from more negative to less negative for the former versus
from positive to negative for the second. The predictions
for this channel are therefore not very robust, which is also
corroborated by the large uncertainties for higher m that
can be found in the appendix.
C. Comparison with lattice results for I ¼ 2 and
m > 350 MeV
As we have already commented, there are very recent
lattice results on phase shifts for the I ¼ 2, J ¼ 0 [12,13]
and J ¼ 2 channels [12]. In Figs. 5 and 6 we compare the
one and two-loop calculations within standard ChPT, first
for the physical mass versus experimental data, and then
for m ¼ 396, 420, 444, and 524 MeV, versus lattice
results.
When we examine Fig. 5, corresponding to the I ¼ 2,
J ¼ 0 phase shifts, the first observation is that all lattice
points with p < 200 MeV are well described within
the uncertainties of one-loop ChPT, even up to m ¼
444 MeV. From the figure, we observe that a pion mass
of 524 MeV seems out of reach and will not be considered
any longer. Beyond that momentum, the ChPT calculation
bends downwards and misses all other lattice results with
higher momenta. Remarkably, the two-loop ChPT results
do not improve this agreement. Actually, the two-loop
calculation describes somewhat worse the lattice data and
seems to move consistently to more negative values than
those observed on the lattice, as m grows higher. Let us
remark that the curvature downwards is larger in the two-
loop result than just to one loop. In view of the figures it
seems that the standard ChPT applicability limit is, at best,
somewhere around p ’ 150–200 MeV, up to m of the
order of 400–440 MeV.
Unfortunately, for the I ¼ 2, J ¼ 2 channel, shown in
Fig. 6, there are no lattice results available at low momen-
tum. Surprisingly, the one-loop calculation agrees quite
nicely with the lattice values up to around p ’ 500 MeV,
even for the highest pion mass. However, the two-loop
results show a very strong m dependence that is in com-
plete disagreement with the behavior predicted by the
 0
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FIG. 4. D wave  phase shifts from standard ChPT up to two
loops. Different lines stand for different pion masses: continu-
ous, long dashed, short dashed and dotted form ¼ 139:57, 230,
300 and 350 MeV, respectively. Since the lines are too close to
each other, we only show error bands for the physical mass.
Experimental data (black circles) come from [33]. The arrows
show the direction of increasing m.
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lattice simulations. Even the tendency is wrong, since the
absolute value of the phase seems to grow with m,
whereas lattice results may suggest a decrease. Let us,
nevertheless, recall that for D-waves the tree level ampli-
tude vanishes, so that one and two-loop calculations cor-
respond only to leading and next to leading order results.
Higher order calculations may be needed to improve and
stabilize the D wave description.
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FIG. 5. One and two-loop standard ChPT phase shifts for the
I ¼ 2, J ¼ 0 channel. Top panel: results compared to data from
[33] (black circles) and [34] (white circles). Rest of panels:
results compared to lattice results coming from [12] (circles)
and [13] (triangles).
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FIG. 6. One and two-loop standard ChPT phase shifts for the
I ¼ 2, J ¼ 2 channel. Top panel: results compared to data from
[33] (black circles). Rest of panels: results compared to lattice
results coming from [12] (circles). Note the large difference
between one and two-loop results.
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IV. RECONCILING THE PHASE SHIFT AND
RESONANCE BEHAVIOR IN THE
VECTOR CHANNEL
We have seen that, within ChPT, the low momentum
phase shift of the vector channel is found to decrease asm
grows. This is a model independent result and looks rather
robust since it is obtained both at one and two loops.
However, lattice results [4–8], the chiral effective treat-
ment [22], as well as the IAM [18] predict that, in terms of
momentum, the ð770Þ peak gets closer and closer to
threshold. Thus, for any low momentum choice, and as
m increases, the ð770Þ peak reaches that given momen-
tum so that the phase there should be =2. Therefore, one
would naively expect the phase shift for any fixed low
momentum to grow with m.
Actually, this is what one would find if, to describe the
ð770Þ resonance pole, one uses the very simple and
intuitive (but, as we will see below, incomplete) Breit-
Wigner model
tðsÞ ¼ 
ffiffi
s
p
MðpÞ=2p
sM2 þ iMðpÞ (5)
where, p2 ¼ s=4m2 and the width is:
ðpÞ ¼ R

p
pR

3
; (6)
whereM is the resonance mass and pR is the pion momen-
tum at the resonance energy p2R ¼ M2=4m2 so that tðsÞ
behaves correctly at threshold, tðsÞ  p2l. Note that
R ¼ g2p3R=6M2 is the ð770Þ decay width.
For the sake of simplicity, let us now assume that the
resonance mass M and coupling remain constant when
changing the pion mass m. This implies that M and
ðpÞ are m independent. For our illustration purposes
here, this is a fairly good approximation to what has been
found on the lattice or with the IAM, and it could be
considered as the leading order term in the m expansion
(see [36] for the ð770Þ mass).
In such case, however, the phase-shift m dependence
near threshold does not follow what is obtained from ChPT
(or the IAM, as we will see below). In particular, since
tanðpÞ ¼  MðpÞ
4p2  4p2R
; (7)
the only m dependence in  (for a given p) is through pR
(and dðp2RÞ=dðm2Þ ¼ 1) so that
@
@ðm2Þ ¼
@
@ðp2RÞ
¼ 4MðpÞð4p24p2RÞ2þM2ðpÞ2
>0: (8)
However, in ChPT, for low p we have shown in Figs. 1 and
3 that @=@ðm2Þ< 0.
Of course, it is very well known that a simple Breit-
Wigner vector formalism is not consistent with the chiral
expansion unless there are some additional low-energy
contributions—or contact terms in the Lagrangian formal-
ism [37]. Just to keep things very simple we can use a
modification of the Breit-Wigner parametrization, which is
widely used in analysis of  scattering and other phe-
nomenology involving decays into light mesons [38], and
reads
ðpÞ ¼ R

p
pR

2lþ1DlðpRrÞ
DlðprÞ 
~ðpÞDlðpRrÞ
DlðprÞ : (9)
Here ~ðpÞ is m independent and DlðprÞ are the Blatt-
Weisskopf centrifugal barrier functions [39], that for l ¼ 1
read D1ðprÞ ¼ 1þ ðprÞ2. All the m dependence is car-
ried by pR and the new parameter r, which is usually
interpreted as a crude estimate of the size of the meson,
although it should not be identified with its mean square
charge radius. At low momentum we now find
@ðpÞ
@ðm2Þ
’ 1þ p
4
Rðr2Þ0
4p4R
M~ðpÞ; (10)
where ðr2Þ0 stands for dr2=dðm2Þ. In order to have a
decreasing phase shift at low p when increasing m, we
just need 1þ p4Rðr2Þ0 < 0. We will see below that this is
actually required by chiral symmetry at leading order in the
pion mass expansion. This would explain the phase de-
crease seen in ChPT for not too large m, even though the
ð770Þ is approaching threshold as m grows. Of course,
when m grows too large, and particularly in the limit
when the ð770Þ tends to threshold, so that pR ! 0, the
derivative is positive, and the phase shift increases, as one
would have expected naively.
Let us then check that chiral symmetry actually requires
1þ p4Rðr2Þ0 < 0, at least for low pion masses. We can
estimate the leading m dependence of r by comparing
the low momentum and mass expansion of the amplitude in
Eqs. (5) using (9), with that of ChPT. In particular, since in
this simple model we have only one parameter, r, we will
only compare the scattering lengths. Our aim is just
to reproduce the leading order m dependence, since we
have already made additional approximations and simpli-
fications (like the constancy of the ð770Þ mass and
coupling). We define the scattering length, a, as
Ret ’ p2ðaþ bp2 þ   Þ. The low p expansion of the
amplitude in Eq. (5) using (9) leads to
aBW ¼ mMRð1þ ðpRrÞ
2Þ
4p5R
¼ mR
Mp3R

1þ 1
4
M2r2 þOðm2Þ

: (11)
This result has to be compared with that of ChPT: aChPT ¼
1=24f2 þOðm2Þ. Matching with ChPTwe obtain for r2
r2 ¼ p
3
R
6f2MR
1
m
þOðm0Þ (12)
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 1
g2f2
M
m
þOðm0Þ ’ ð4:3 GeV1Þ2: (13)
The value obtained with this ChPT estimation is compat-
ible with what is found in the literature (r 4–5 GeV1)
[38].
Note that the size r explodes as m ! 0. However, this
is a very well known feature of hadrons, at least for the
charge radius. Actually, the squared charged radius of the
pion and the nucleon show a logm2 singularity [14,40,41]
and the Pauli radius of the nucleon an additional 1=m
singularity [40]. Nevertheless, as we have commented, our
r2 parameter should not be directly identified with the
ð770Þ charged radius, although our results suggest that
they may have a similar singularity.
With this m dependence for r we find that
1þ p4Rðr2Þ0 ¼ 1
Mp4R
2g2f2m
3

; (14)
which is negative for the physical values of the parameters.
This guarantees that @ðpÞ=@ðm2Þ< 0 form not far from
mphys , and sufficiently low p, as is obtained in ChPT.
The decrease is a robust feature of ChPT, although the
pure chiral expansion cannot reproduce the ð770Þ reso-
nance. Of course, the model we have presented here is very
simple and naive, but provides a qualitative and intuitive
explanation of why chiral symmetry implies that the vector
phase-shift at low momenta first decreases, although it may
increase later as m grows. This model cannot be pushed
too far. In particular, we cannot reproduce the chiral be-
havior of the scattering length beyond leading order or
even the slope parameter.
It is, however, possible to incorporate simultaneously the
ð770Þ pole and the full low-energy ChPTexpansion to one
and two loops. In the next section, we will explain the
technique in detail and later on we will show how it
describes the existing lattice data up to much higher mo-
mentum than standard ChPT. Actually, we will check how
the vector phase-shift decreases first and then increases as
m grows.
V. UNITARIZED CHPT: THE INVERSE
AMPLITUDE METHOD
As we have already commented in Sect. II, the partial
waves obtained from the ChPT expansion are basically a
truncated series in momenta or energies and cannot satisfy
elastic unitarity, Eq. (1), exactly, but only perturbatively, as
in Eq. (3).
There is, however, a well known technique, known as
unitarization, to obtain expressions for partial waves that
satisfy elastic unitarity, have the correct analytic structure
in terms of cuts in the complex plane, and simultaneously
respect the ChPT expansion up to a given order. Here we
will make use of the elastic inverse amplitude method
(IAM)—or a slightly modified version—that implements
the fully renormalized one or two-loop ChPT expansion at
low energies but does not introduce any spurious parameter
in the unitarization procedure. Had we used other, possibly
simpler but very successful, unitarization techniques with
spurious parameters, like cutoff or any other regulator, we
should have had to worry about the unknown m depen-
dence of that scale.
The IAM [17] uses elastic unitarity and the ChPT ex-
pansion to evaluate a once subtracted dispersion relation
for the inverse amplitude. The analytic structure of 1=t
consists on a right cut from threshold to 1, a left cut from
1 to 0, and possible poles coming from zeros of t. We
can write then a once subtracted dispersion relation for 1=t,
the subtraction point being sA,
1
tðsÞ ¼
s sA

Z
RC
ds0
Im1=tðs0Þ
ðs0  sAÞðs0  sÞ þ LCð1=tÞ
þ PCð1=tÞ; (15)
where LCð1=tÞ stands for a similar integral over the left cut
and PCð1=tÞ is the contribution of the pole at sA. The
choice of sA is, in principle, arbitrary, but since we want
to use the information encoded in the ChPT series, we are
then limited to the low-energy region, preferably, below
threshold. Now, scalar waves vanish at the so called Adler
zero that lies in the real axis below threshold and in
practice this is a very convenient choice for sA, which
has actually motivated our notation. For other waves, there
is no such an Adler zero, and the subtraction point can be
taken, for instance, at s ¼ 0. It is important to remark that
the choice of subtraction point, as long as it lies between
the left and right cut, has only a very small numerical effect
[17] on the physical region. Up to here everything is exact.
The most relevant observation is that, following Eq. (1), on
the elastic cut we know exactly Im1=t ¼ .
Now we are going to derive the IAM within one-loop
ChPT. First, the Adler zero position can be approximated
as, sA ¼ s2 þ s4 þ    , where t2 vanishes at s2, t2 þ t4
vanishes at s2 þ s4, and so on. On the right cut we can
evaluate exactly Im1=t ¼  ¼ Imt4=t22, as can be read
from Eqs. (1) and (3). Since the left cut is weighted at low
energies we can use one-loop ChPT to approximate
LCð1=tÞ ’ LCðt4=t22Þ. The pole contribution PCð1=tÞ
can be safely calculated with ChPT since it involves de-
rivatives of t evaluated at sA, which is a low-energy point
where ChPT is perfectly justified. Altogether, we arrive to a
modified one-loop IAM (mIAM) formula [17]:
tmIAM ¼ t
2
2
t2  t4 þ AmIAM
;
AmIAM ¼ t4ðs2Þ  ðs2  sAÞðs s2Þ½t
0
2ðs2Þ  t04ðs2Þ
s sA ;
(16)
where the prime denotes the first derivative with respect to
s and where we use for sA in the numerical calculations its
NLO approximation s2 þ s4. The standard IAM formula is
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recovered for AmIAM ¼ 0, which is indeed the case for all
partial waves except the scalar ones. In the original IAM
derivation [15,16] AmIAM was neglected since it formally
yields a higher order contribution and is numerically very
small except near the Adler zero. However, if AmIAM is
neglected, the IAM Adler zero occurs at s2, correctly only
to LO, is a double zero instead of a simple one, and a
spurious pole appears close to the Adler zero. All of these
caveats disappear with the mIAM, and the differences
between the IAM and the mIAM in the physical and
resonance region are of the order of 1%.
It is important to remark that ChPT has not been used at
all for calculations of tðsÞ for positive energies above
threshold. Note that the use of ChPT is well justified to
calculate sA, and PCð1=tÞ, since these are low-energy
calculations. ChPT has also been used to calculate the
left cut integral, which, despite extending to infinity, is
heavily weighted at low energies, which once again justi-
fies the use of ChPT. The left cut and the elastic approxi-
mation are the only approximations used to obtain the
IAM, but no other model dependent assumptions have
been made. In particular there are no spurious parameters
included in the IAM derivation, but just the ChPT LECs,
m and f.
Remarkably, these simple equations (either the IAM or
the mIAM) ensure elastic unitarity, match ChPT at low
energies and, using LECs compatible with existing deter-
minations, describe fairly well data up to somewhat less
than 1 GeV, generating the , K, , and  resonances as
poles on the second Riemann sheet [16].
The extension to two loops is very similar and straight-
forward for the IAM [16,42] or the mIAM [21]:
tmIAM ¼ t
2
2
t2  t4 þ t24=t2  t6 þ AmIAM
;
AmIAM ¼ t4ðs2Þ  2t4ðs2Þt
0
4ðs2Þ
t02ðs2Þ
 t
2
4ðs2Þ
t02ðs2Þðs s2Þ
þ t6ðs2Þ
þ ðs s2ÞðsA  s2Þ
s sA

t02ðs2Þ  t04ðs2Þ  t06ðs2Þ
þ t
0
4ðs2Þ2 þ t004 ðs2Þt4ðs2Þ
t02ðs2Þ

: (17)
Let us now remark that both in the one and two-loop
derivations above, we have assumed that t2 is not identi-
cally zero. However, this is only the case for scalar and
vector partial waves. Unfortunately, as seen in Eq. (3),
when t2ðsÞ  0 the first imaginary part appears at Oðp8Þ,
namely, at three loops. Therefore, we cannot recast the
dispersion relation in terms of the full ChPT expansion
unless we make use of t8ðsÞ, a calculation that does not
exist. In [43], and using only the t8 term of the form cs
4, it
was shown that the f2ð1275Þ shape could be fairly well
fitted with the IAM and a c value of the correct order of
magnitude expected from dimensional grounds. This was
justified because the f2 resonance appears at high s	 m2
and the other Oðp8Þ terms, containing pion mass powers,
could be neglected. However, in this work wewant to make
m much larger than its physical value and we need them
dependence. It is, therefore, not so well justified to neglect
all the t8 terms except cs
4. For that reason, we are limited
to use the IAM for scalar and vector partial waves.
Hence, using the IAM or the mIAM, we can study how
the generated  and  poles evolve by changing m in the
one-loop IAM amplitudes [18] or two-loop amplitudes
[21], and describe the dependence of their masses, widths,
and couplings onm. In [18] the mIAM was used for the 
and  chiral extrapolation, because, for the scalar and at
high m, one resonance pole gets near the IAM spurious
pole, a problem that is nicely solved with the mIAM.
Nevertheless, in the physical region and near the other
generated poles, the differences between IAM and mIAM
approaches are almost negligible, even for high pion
masses.
Of course, the poles are not the only object of study on
the lattice. Actually, lattice results are already available for
phase shifts in I ¼ 2 channels, where no pole exists.
Moreover, these channels were not studied in [18,21]. It
is also very likely that lattice results on phase shifts for
other channels will be available soon. For these reasons, we
will now let m vary within our unitarized ChPT expres-
sions, with the aim of extending the phase-shift predictions
based on ChPT, up to higher masses and momenta.
VI. RESULTS WITH THE IAM AND CHPT
Let us first recall, as already explained in some of the
very first works on the IAM [16], and repeated in many
other instances [21,44,45], that when the central values of
the standard LECs are used, the IAM only improves ChPT
up to a couple of hundred MeV higher and resonances are
only reproduced qualitatively. For a semiquantitative de-
scription of resonances, which is what we will do next, one
has to fit the data and the resulting LECs are slightly
modified from those obtained from pure ChPT. Since the
IAM contains contributions that count as higher order in
ChPT (in particular, the numerically relevant s-channel
logarithms), one would very naively expect the LECs
from the one-loop IAM to lie somewhere in between the
one and two-loop values from ChPT. This is actually
observed, since the Oðp4Þ IAM LECs in Table III lie
somewhere between the one and two-loop analysis of
pure ChPT listed in Table II, although closer to the ChPT
Oðp4Þ analysis in the two first rows of that table. In con-
trast, theOðp4Þ values of the LECs for the two-loop IAM in
Table IV are closer to the two-loop analyses like that in
Table I or those in the third and fourth row of Table II. Let
us emphasize that the variation between the Oðp4Þ LECs
values between the one and two-loop analyses already
occurs in pure ChPT—particularly for lr2. The IAM simply
follows a similar pattern.
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Before changing the pion mass, let us note that for the
IAM, we are assuming the elastic approximation and there-
fore, when increasing m, we should allow for some 
elastic regime, which is guaranteed if m < 500 MeV,
although it has been found that relatively stable unitarized
results can be obtained for all waves only up to m ’
300–350 MeV [21]. Of course, some waves are more
stable than others. In particular, the elastic IAM approxi-
mation is quite good up to larger energies for the ðI; JÞ ¼
ð2; 0Þ (roughly up to ffiffisp ’ 1200–1300, see [44]), since it
has no resonances and does not couple to KK. We will
actually check that for this channel we can stretch the
applicability range and still get fairly good agreement
with recent lattice results for relatively large pion masses.
A. One-loop IAM
In Fig. 7 we show the IAM results to one-loop in ChPT,
using the LECs in Table III, obtained by an updated fit to
TABLE IV. Low-energy constants obtained from fits [21] to
experimental data on elastic  scattering and lattice results on
f, M and the isospin 2 scattering length as well as a 1=Nc
leading behavior of a pure qq state for the ð770Þ. Many of these
sets are not quite compatible with each other and suffer large
systematic uncertainties. These two fits correspond to different
ways of weighting the existing experimental and lattice data sets,
which are detailed in [21]. The values correspond to the scale
 ¼ 770 MeV.
Set A Set D
Oðp4Þðx103Þ
lr1 () 5:0 4:0
lr2 () 1.7 1.2
lr3 () 0.8 0.8
lr4 () 6.5 6.5
Oðp6Þðx104Þ
rr1 () 0:6 0:6
rr2 () 1.3 1.5
rr3 () 1:7 3:3
rr4 () 2.0 0.9
rr5 () 2.0 1.7
rr6 () 0:6 0:7
rrf () 1:4 1:8
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FIG. 7. S and P wave  phase shifts from unitarized ChPT
up to one loop. Different lines stand for different pion masses:
continuous, long dashed, short dashed and dotted for M ¼
139:57, 230, 300 and 350 MeV, respectively. Since the lines
are too close to each other, we only show error bands for the
physical mass. Experimental data come from [33] (black circles)
and the precise model independent dispersive data analysis from
[34] (white circles). The arrows show the direction of increasing
m. See Fig. 8 for a blow up of the low momentum region of the
I ¼ 1, J ¼ 1 phase shift.
TABLE III. LECs used in this work for the one-loop IAM,
obtained from a fit to the dispersive data analysis of [34]. Both l3
and l4 are fixed to the standard values given in Table I. The scale
is set to  ¼ 770 MeV.
Oðp4Þ LECs (103)
lr1 () 3:9 0:2
lr2 () 4:3 0:4
lr3 () 0:18 1:11
lr4 () 6:17 1:39
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the output from the recent and precise dispersive data
analysis in [34], and fixing l3 and l4 to the updated values
in Table I. The uncertainties are mostly systematic, arising
from different choices of the maximum energy up to where
we make the fit of the (0, 0) channel, which we have chosen
between 500 and 800 MeV; the other channels are fitted up
to 1 GeV. Note that the resulting LECs are consistent
within 1 standard deviation with the results we used in
[18], that we list in the last row of Table II. We first note
that the experimental data is fairly well described up to the
region where inelastic effects (or resonances like the
f0ð980Þ) become relevant. This includes the ð770Þ reso-
nance shape, but also the wide shape of the f0ð600Þ. The
gray bands in the figures cover the uncertainties in our
results obtained from a Monte Carlo Gaussian sampling of
the li statistical error bars also listed in the table. As usual,
and to avoid confusion due to many overlapping gray
bands, we only show the uncertainty for the physical
pion mass. Details on uncertainties for higher masses can
be found in the appendix.
The general features for the scalar-isoscalar channel are
very similar to the one-loop nonunitarized results. Namely,
the phase shift conserve its positive sign and increases in
absolute value as m grows.
However, the I ¼ 2 channel behavior is rather different.
First, the m dependence is even milder than for the
nonunitarized case. In the very low momentum region,
roughly below p ¼ 200 MeV, the phase increases in ab-
solute value as it happened with standard one-loop ChPT.
However, for larger momentum, the m dependence is the
opposite, and the phase starts decreasing its absolute value.
As we will see later on, this is the behavior found on recent
lattice results, which cannot be reproduced by a crude
extrapolation of one-loop ChPT to larger momentum.
Something similar occurs in the vector channel,
although enhanced by the presence of the ð770Þ reso-
nance that ChPT failed to reproduce. Now we see that
the phase increases as the two-pion threshold grows and
gets closer to the resonance. This is the intuitive behavior
one would expect when getting close to the resonance.
However, one should observe that it is not incompatible
with the phase decrease observed in standard ChPT at low
energies. To see this, in Fig. 8, we show a blow up of the
very low-energy region of the vector channel, where we
can see that the IAM behaves similarly to ChPT, namely,
the phase decreases asm grows. As explained before, this
only happens in the very low momentum regime, since, as
seen in the figure, for higher momentum the phase shift
increases again since the IAM is able to reconstruct the
ð770Þ resonance, which is closer and closer to threshold
as m grows.
In the next subsection we will see that these general
features and improvements with respect to nonunitarized
ChPT are even more dramatic when considering the two-
loop calculation.
B. Two-loop IAM
In Figs. 9 and 10 we show the results of the two-loop
IAM for the two best fits in [21], ‘‘A’’ and ‘‘D’’, whose
corresponding sets of LECs we provide in Table IV. These
fits have been obtained from an IAM fit to experimental
data but also to lattice results on f, M and the isospin 2
scattering length. Note that by fitting only the experimental
data one determines better the LECs that govern the s
dependence, but not so well those governing the m de-
pendence. That is the reason why some existing lattice
results on f, M and the I ¼ 2 scalar scattering length
were also included in the fits of [21]. Unfortunately, the
experimental data in the resonance region are frequently in
conflict with one another, and to a lesser extent, something
similar happens for the lattice results mentioned above.
Fits A and D correspond to different ways of weighting the
conflicting experimental and lattice results, including some
educated estimates for systematic uncertainties. The de-
tails can be found in [21]. These fits give rather stable
results for all observables in the elastic region, up to m ¼
300–350 MeV, and somewhat beyond for some particular
waves, like ðI; JÞ ¼ ð2; 0Þ.
Note that the qualitative behavior of all waves is similar
in Figs. 9 and 10. The difference between fit A and D is
purely quantitative: in fit A the m dependence is just
stronger than in fit D.
Remarkably, almost all the features described for the
one-loop unitarized case remain in the two-loop unitarized
fits. Quantitatively, there are small differences, since the
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FIG. 8.  I ¼ 1, J ¼ 1 phase shift from unitarized ChPT up
to one loop. The continuous line stands for M ¼ 139:57 MeV
and the dotted line for M ¼ 350 MeV. Similarly to the ChPT
case, in the low momentum region the phase shift decreases as
m grows. However at higher momentum it increases with the
pion mass, due to the presence of the ð770Þ resonance.
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FIG. 10. S and P wave  phase shifts from the two-loop
IAM ‘‘fit D’’ in [21]. The conventions are as in Fig. 7. The
arrows show the direction of increasing m. The difference
between these curves and those in Fig. 9 are an indication of
the order of magnitude of our uncertainties.
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FIG. 9. S and P wave  phase shifts from the two-loop IAM
‘‘fit A’’ in [21]. The conventions are as in Fig. 7. The arrows
show the direction of increasing m. The difference between
these curves and those in Fig. 10 are an indication of the order of
magnitude of our uncertainties.
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m dependence at two loops seems somewhat stronger in
the scalar waves, and somewhat weaker in the vector
channel. This somewhat strongerm dependence produces
the only significant, and relevant, difference with the one-
loop IAM. Both the one and two-loop IAM generate the
f0ð600Þ or  resonance as a pole deep in the complex
plane, which mass grows much slower than the two-pion
threshold, so that the ‘‘‘bump’’’ that this wide resonance
produces in the (0, 0) phase is bigger and gets closer to
threshold. Actually, as shown in [18] the two conjugated
poles of the f0ð600Þ move in the second, unphysical,
Riemann sheet, until they reach the real axis below thresh-
old, where the two poles are no longer conjugated. As m
keeps growing one of them jumps into the first Riemann
sheet below threshold becoming a bound state. By
Levinson’s theorem [46], this implies that the phase at
threshold increases by . For the IAM to one-loop this
jump occurs for m larger than 350 MeV, but since the m
dependence is stronger for the IAM at two-loops, this jump
can already be seen in Figs. 9 and 10 for the m ¼
350 MeV curve, which behavior thus reflects the existence
of a bound state. Let us emphasize that the same behavior
would be observed to one loop—although for higherm—
but it will never be seen in standard ChPT, which cannot
generate a pole.
However, when comparing with the nonunitarized two-
loop results in Fig. 3, we see that unitarization not only
improves the vector channel by describing the ð770Þ
resonance, but also the I ¼ 2 channel is nicely described
up to much higher momentum, even though this channel is
nonresonant. We will profit from this lack of complicated
resonant structures in the I ¼ 2 scalar wave, and also from
the fact that this channel does not couple to KK, to ex-
trapolate to higher pion masses where we will see that the
unitarized results are in much better agreement than stan-
dard ChPT with some recent lattice results.
VII. COMPARISON WITH LATTICE
RESULTS FOR
I ¼ 2 AND m > 350 MeV
In Fig. 11 we show the results from the one and two-loop
IAM with very recent results on the lattice [12,13] for the
I ¼ 2 scalar channel. Note that the data below p ¼
200 MeV is still fairly well described by the IAM, as it
happened with ChPT, but that the IAM is not bending down
and getting away from higher momentum data as it hap-
pened with standard ChPT results. Actually, the IAM
results follow qualitatively the shape of the lattice data.
Moreover, the m dependence is much milder than for
plain ChPT, in better agreement with the findings on the
lattice. Let us remark that we do not aim at precision here
because pion masses of 400 MeVare probably close to the
IAM applicability bound. Our approach should become
more reliable below 300–350MeV, where we expect lattice
results to appear soon. Still, the remarkable improvement
with respect to the standard ChPT results is pretty clear.
As previously commented, the IAM cannot be directly
applied to the D waves, since their tree level contribution
vanishes. Further modifications of the IAM would be
needed, which are beyond the scope of this work.
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FIG. 11. One and two-loop IAM phase shifts for the I ¼ 2,
J ¼ 0 channel. Top panel: results compared to data from [33]
(black circles) and [34] (white circles). Rest of panels: results
compared to lattice results coming from [12] (circles) and [13]
(triangles). Note that for the two-loop case we provide results for
the two best fits, A and D, obtained in [21].
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VIII. SUMMARYAND DISCUSSION
In this work, we have studied the pion mass dependence
of  elastic scattering phase shifts.
On the one hand, we have presented results for one and
two-loop standard Chiral Perturbation Theory using a set
of LECs obtained from a dispersive analysis in the litera-
ture. We have seen that this first approach is, of course,
limited to low momentum, say below 300 MeV, depending
on the channel, and pion masses up to 400–450 MeV. For
the scalar and vector waves, we have found a rather stable
behavior between the one and two-loop calculations within
that momentum range. We have seen that at this very low
momentum, the absolute value of scalar phase shifts in-
creases as the pion mass grows, so that these channels
enhance their attractive or repulsive nature. We have found
that up to momenta less than 200 MeV, the ChPT results
are in fair agreement with lattice data for the scalar I ¼ 2
channel.
We have found that, surprisingly, the vector phase shift
at very low momentum decreases as m grows within the
applicability region. This may seem counterintuitive,
since from lattice and other effective theory techniques,
as m grows one expects the two-pion threshold to ap-
proach fast the ð770Þ mass. We have, nevertheless,
shown with a very simple and intuitive model why very
basic requirements about chiral symmetry impose such a
decrease on the phase for low momentum and not too
large m.
We have also shown results within standard ChPT for
the angular momentum 2 phase shifts. These are much less
stable when comparing one and two-loop results.
Particularly for the ðI; JÞ ¼ ð2; 2Þ channel, the one and
two-loop results show an opposite behavior, and the two-
loop calculation is also at odds with the m dependence
found on the lattice. Of course, one has to keep in mind that
forD waves, the one and two-loop calculations correspond
to leading and next to leading order calculations, contrary
to scalar and vector channels, where they correspond to
next to leading and next to next to leading calculations. It is
very likely that higher order calculations, or better deter-
minations of LECs, which are highly correlated, may
improve this situation for D waves.
Finally, we have used ChPT inside a dispersion relation
to extend the analysis of scalar and vector waves to higher
momentum by means of the so called inverse amplitude
method. This unitarization technique describes remarkably
well the data up to energies of the order of 1 or 1.2 GeV,
depending on the channel and has been shown to describe
well them dependence of several observables likeM, f
or the I ¼ 2 scalar scattering length.
The description provided by this method is, of course,
compatible with that of standard ChPT at very low mo-
mentum. However, at higher momentum it reconstructs the
behavior of the ð770Þ resonance, which, for a given
choice of low momentum, translates into a decreasing
phase for smaller m but a growing phase for larger m
until the ð770Þ mass coincides with that particular mo-
mentum choice. In addition, we have shown that the uni-
tarized I ¼ 2 scalar phase shift has the correct qualitative
behavior for momentum beyond 200 MeV. Despite being
close to the applicability bounds of the approach, we have
actually shown that the IAM beyond p ¼ 150–200 MeV
improves dramatically the description of lattice results
with respect to ChPT and explains their very mild m
dependence.
Intuitively, the phase-shift evolution of the S0 and P
channels is dominated by the presence of the f0ð600Þ and
ð770Þ resonances and their pion mass dependence,
studied in [18,20–22]. Since the masses of both resonances
seem to grow slower than the pion mass, they come closer
and closer to threshold so that, naively, one would expect
the interaction to grow stronger and the phase to raise once
the resonance is sufficiently close to the momentum where
the phase is measured. Actually, this is what is found for
the S0 channel, whose phase raises noticeably as m
grows. At the limit of the range of applicability of the
two-loop IAM, the f0ð600Þ even becomes a bound state
and by Levinson’s theorem we see the phase to increase by
 at threshold. However, the naive expectations may not be
met if the resonance is still not close enough to threshold.
In such case, the phase may seem to decrease at first due to
the finite size of the resonance, the effect of which has been
illustrated in a simple model of the ð770Þ. Only when the
ð770Þ is sufficiently close to threshold, the naively ex-
pected behavior is observed. Concerning the S2 wave, we
have found a very mild m dependence for the phase shift,
when expressed in terms of the momentum, in good agree-
ment with recent lattice calculations. This can be under-
stood from the absence of resonant structures in this
channel. Of course, ChPT can only reproduce the low-
energy tails of the resonances, which we have generated
by means of ChPT unitarized with the IAM. For the D
waves, the IAM cannot be applied to this order, and we
have to rely on ChPTonly. However, the behavior observed
can also be understood from the presence of the f2ð1270Þ
resonance in the D0 channel, and a similar behavior to the
ð770Þ in its own channel. For the D2 channel, the ChPT
results are not sufficiently precise to make any conclusive
statement.
Apart from understanding the dependence of these ob-
servables on QCD parameters on the pion mass, we con-
sider that this work is of interest as a guideline for future
studies of lattice QCD.
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APPENDIX: PHASE-SHIFT UNCERTAINTIES
FOR DIFFERENT m
In Fig. 12, we plot the relative uncertainties of the stan-
dard ChPT phase-shift calculation. As we have already
seen, standard ChPT is limited to low momentum and thus
we only show momentum up to p ¼ 300 MeV. For the
scalar and vector waves we see that in the low momentum
region the errors grow with the pion mass. This is in
agreement with the fact that the LECs that govern the
mass dependence of the partial waves carry the biggest
uncertainties. For D-waves, the relative uncertainty is
much bigger than for lower angular momentum waves.
(Note the difference in scales between the D waves and
the rest of the plots). This is due to the fact that forD-waves
the tree level calculation vanishes and therefore the one and
two-loop results are just leading and next to leading order.
In the case of 02 to one loop, the error seems to explode for
the highest masses due to the phase shift changing from a
positive to a negative value in the region of interest. The
same occurs for 22 to one loop for the physical value of the
pion mass. Finally, the value of 22 to two loops changes
from negative to positive for the lightest masses of the pion.
In Fig. 13, we show the relative uncertainties for the
IAM phase shifts. We find again that for scalar waves they
grow bigger as the pion mass is increased. The same
happens for the vector phase shift below the ð770Þ peak.
The highest uncertainty on 11 occurs when the slope of
the phase shift reaches its maximum value.
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